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Abstract. We extend the theorems concerning the equivariant symplectic re- 
duction of the cotangent bundle to contact geometry. The role of the cotangent 
bundle is taken by the cosphere bundle. We use Albert's method for reduction 
at zero and Willett's method for non-zero reduction. 



1. Introduction 

One of the main results concerning symplectic reduction with many applications 
in geometric mechanics states that, in the presence of a "good" action of a finite 
dimensional Lie group G on an arbitrary differentiable manifold Q, the cotangent 
bundle of the quotient, T*(Q/G), is symplectomorphic with (T*Q)q, the reduced 
space at of the cotangent bundle. More generally, the reduction T*{Q/G) t _ l at 
H ^ of T*Q is symplectomorphic with a vector subbundle of T*(Q/G^) endowed 
with a magnetic symplectic form (see §4.3; the result for /i = is due to Satzer 



10|); G u denotes the coadjoint isotropy subgroup at [i. 

The aim of this note is to prove an analogue of this result in contact geometry. 
Again we start with an arbitrary manifold Q supporting a "good" action of a Lie 
group G. The role of the cotangent bundle will be played by the cosphere bundle 
that will be described in section 2 (cf. also 0). It is a contact manifold. We shall 
prove that its reduced space at is contactomorphic with the cosphere bundle of 
Q/G. Even though the result for fi = could probably be obtained by "diagram 
chasing" , we prefer to provide an explicit proof, identifying all contactomorphisms. 
More generally, we prove that its reduced space at fi ^ embeds in a contact 
manner onto a subbundle of the cosphere bundle of Q/G^. 

We briefly review, following [||, the reduction method at for contact man- 
ifolds. 

Recall that a contact structure on a smooth (2n + l)-dimensional manifold N 
is a codimension one smooth distribution H C TN, locally given by the kernel 
of a one-form rj such that ?y A (drf) n ^ 0. Such an r\ is called a (local) contact 
form. Any two proportional contact forms underly the same contact structure. A 
contact structure which is the kernel of a global contact form is called exact or 
co-orientable. If r\ is a one form of an exact contact structure, the pair (N , rf) is 
called an exact contact manifold. On an exact contact manifold N there is a unique 
vector field R, called the Reeb vector field, characterized by the conditions r)(R) = 1 
and di](R, •) = 0. The flow of the Reeb vector fields preserves the contact form n. 
The Reeb vector field is nowhere vanishing and it generates the one-dimensional 
distribution kerdi] — {v & TN | dn(v, ■) = 0}. 
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A finite dimensional connected Lie group G is said to act by contactomorphisms 
on a contact manifold if it preserves the contact structure H. For an exact contact 
manifold [N,rj), this means that g*n — f g rj for a smooth, real- valued, nowhere 
zero function f g . G acts by strong contactomorphisms on N, if g*rj — r), i.e. G 
preserves the contact form, not only the contact structure. A G-action by strong 
contactomorphisms on (TV, rf) admits an equivariant momentum map J : N —> g* 
given by evaluating the contact form on fundamental fields: (</,£) = f?(£;v)- 

Throughout this paper we shall denote by g the Lie algebra of G, by (•, •) : 
g* x g — > M the natural pairing between g* and g, and by £jv the fundamental 
vector field (or infinitesimal generator) defined by £ £ 9. For simplicity, we shall 
work exclusively with free proper actions, although the extensions of our results 
to locally free actions is routine; in that case the relevant quotient spaces will be 
orbifolds instead of manifolds. For a smooth map / : A — > B between the manifolds 
A and B, T a f : T a A — > Tfr a \B denotes its derivative, or tangent map, at a £ A. 

The momentum map J is constant on the flow of the Reeb vector field. In 
addition, 

(T n J(v),0 = dr/(n)(v,£ N (n)) 

for any n £ N, v £ T n N, and £ £ g. This immediately implies 

[im(T„ J)]° = {£ £ g I dr)(n)(£ N (n), •) - 0}, 

which is the contact analogue of the bifurcation lemma from the usual theory of 
momentum maps on Poisson manifolds; the term on the left is the annihilator of 
the subspace in parentheses. For this (contact) momentum map, £ g* is a regular 
value if and only if the fundamental fields induced by the action do not vanish on 
the zero level set of J. Moreover, if this is the case, the pull back of the contact 
form to J _1 (0) is basic. Let tt : J _1 (0) -> J _1 (0)/G and t : J' 1 ^) ^ N be the 
canonical projection and inclusion respectively. The reduction theorem asserts the 
existence of a unique contact form r/o on J _1 (0)/G such that Tr^rjo — LqT). 

Regarding contact reduction at /1 7^ 0, up to now there are two versions available: 
one due Albert and a very recent one due to Willett (ll[] . 

Albert's method ||. Let (N,n) be an exact contact manifold with Reeb vector 
field R and let $ be a "good" action of a Lie group by strong contactomorphisms. 
For /1 £ g*, denote by G M the isotropy group at /1 of the coadjoint action and by 
g M its Lie algebra. If \i ^ is a regular value of J the restriction of the contact 
form to J -1 (^) is not basic. This problem is overcome by Albert by changing the 
infinitesimal action of g p on J~ 1 (/Lt) as follows: £ 1— > £jv — (MiC)-^i where R is the 
Reeb vector field. In general, this infinitesimal action cannot be integrated to an 
action of G^. However, if R is complete, this g M -action is induced by an action of 
the universal covering group G^ (if G^ is connected) given by 

(e^,n) >-> (t>e'i{Pt{l^)( n ))^ 

where pt is the flow of the Reeb vector field. Albert defines the reduced space as 
J _1 (^)/G /J via this new action and shows it is naturally a contact manifold. 

Willett 's method [0. The idea is to expand /i and to shrink G p . As above, G 
is a Lie group that acts smoothly on an exact contact manifold (N, rf) preserving 
the contact form 77. Let /i £ g*. Willett calls the kernel group of fi, the connected 
Lie subgroup of G M with Lie algebra fi M = ker (/i| flf J. It is easy to see that fi M 



COSPHERE BUNDLE REDUCTION IN CONTACT GEOMETRY 



3 



is an ideal in g M and therefore is a connected normal subgroup of G^. Contact 
reduction (or the contact quotient) of N by G at fi is defined by Willett as 

JV„ := J-^R+m)/^. 

Assume that if^ acts freely and properly on J _1 (K+/i). Then J is transversal to 
R_l_/x and the pull back of 77 to J _1 (M+^t) is basic relative to the K ^-action on 
J _1 (K+/i) and thus induces a one form rj^ on the quotient N^. If, in addition, 
kcr/^ + g M = g then the form 77^ is also a contact form. It is characterized, as usual, 
by the identity "kIt)^ — i*^, where ir^ : J -1 (]R + /i) — ► is the canonical projection 
and ifj, : J~ 1 (M. + fi) <—> N is the canonical inclusion. 

It is to be noted that for /_t = 0, Albert's and Willett's quotients coincide. 

Notations: Throughout the paper we shall denote by -kq : Q — •> Q/G, ttq/g '■ 
T*(Q/G) — > Q/G, 7tq : T*Q — » Q the respective canonical projections. The 
Liouville one- forms of T*Q and T*(Q/G) will be denoted respectively by and 9. 
The naturally lifted action of G on T*Q admits an equivariant momentum map 
Jet ■ T*Q -> g* given by (J ct (a q ),0 = a q (£ Q (q)), where a q G T*Q, £ € 0, and 
denotes the fundamental vector field defined by the G-action on Q. 

2. The cosphere bundle and its contact structure 

Let Q be a differentiable manifold of real dimension n, ttq : T*Q — > Q its 
cotangent bundle, and 8 the Liouville form on T*Q. We shall denote by a q , (3 q etc. 
the elements of T*Q. 

Let G be a finite dimensional Lie subgroup of Diff (Q) and denote by $ : G x Q — » 
Q a free, proper action of G on Q. We denote by : G x T*Q T*Q its natural 
lift to the cotangent bundle of Q. is still free and proper and preserves the 
Liouville form 8 and thus the canonical symplectic structure —d8 oiT*Q. 

Consider the action of the multiplicative group R + =]0, +oo[ by dilations on the 
fibers of T*Q\{0}. 

Definition 2.1. The cosphere bundle S*Q of Q is the quotient manifold (T*Q \ 
{0})/R + . Denote by n : [a q ] € S*Q 1— * q € Q the associated canonical projection. 

The construction described below is standard (see e.g. 

Let 7r : T*Q \ {0} — > S*Q be the canonical projection. The elements of the 
cosphere bundle are classes that we denote with [a q ]. Of course, (tt,M. + ,T*Q \ 
{0}, S*Q) is a R + -principal bundle. As such, it always has global sections: it is 
enough to choose a Riemannian metric on Q (supposed paracompact), to identify 
T*Q with TQ, S*Q with the unit sphere bundle T X Q of TQ, and to consider the 
canonical inclusion T Y Q <^-> TQ. Let then a : S*Q — > T*Q \ {0} be a global section. 
The equation 

where 1t*q\{o} denotes the identity map of T*Q \ {0}, defines a function f a : 
T*Q \ {0} — » M+ with the following property of compatibility with respect to the 
action of R + : 

(2.1) = ^U{a q ), reR+, a q eT*Q\{0}. 

Indeed, cr([a 9 ]) = fa{oL q )a q = a([ra q }) = f a {ra q )ra q . The following statement is 
now clear. 
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Lemma 2.1. The set of global sections of 7r : T*Q \ {0} — > S*Q is in bijective 
correspondence with the set of C°° functions f : T*Q \ {0} — > M+ satisfying (2.1). 

We pull back by a the restriction of the Liouville form and obtain the one-form 
& = a*Q on S*Q. One has: 

(2.2) 7r*e a = f a e. 

Indeed, ir*6 a = n*cr*9 = (o-ott)*9 = (/ ct 1t*q\{o})*^ = fo&- Now, for another global 
section p, with associated function /„, we have 

6 a = a* 6 — (cr o 7T o p)*6 = p*ir*9 a = p*{f a 0) = (f a o p)6> p , 

and hence we obtain 

(2.3) 6» CT = .g^p^, with g ap = f a o p. 

Note also that g ap on — f a /f p . From ( ^.3[ ) we easily derive that 9 a is a contact 
form on S*Q if and only if P is one. But it was proved in [j] that if a is defined 
using a Riemannian metric on Q, as explained above, then 9 a is a contact form. 
Thus we have proved: 

Lemma 2.2. 6 a is a global contact form on S*Q for any global section a. 



It is also clear from ( |2.3[ ) that all these contact forms have the same null space, 
so that the contact structure does not depend on the choice of a. 

Remark 2.1. Let C(S*Q) = S*Q x R + be the symplectic cone over S*Q, endowed 
with the symplectic form d{tO a ). Then one can easily see that T a : C(S*Q) — > T*Q 
given by T CT ([ag], t) = tf a (a q ) ■ a q is a well defined symplectic diffeomorphism, that 
is, a symplectomorphism. 

3. The action of G on the cosphere bundle and its associated 

MOMENTUM MAP 

We shall now lift the free proper action of G to the cosphere bundle and compute 
the associated momentum map. The action $ lifts to an action on T*Q by 
setting 

for g £ G, a q S T*Q, and where the upper star denotes the dual map of the 
linear map to which it is applied. It is clear that the cotangent bundle projection 
7Tq : T*Q — > Q is equivariant relative to the actions <&* and $. If the action <!> is 
free and proper, this equivariance immediately shows that the action is also free 
and proper. 

Denote by kq : [a q ] G S*Q <—>q£Q the canonical cosphere bundle projection. 
Lemma 3.1. The action <I> induces a free proper action : G x S*Q — > S*Q. 
Proof. Define 

**(0,[aj) = [$*(<?, 

As <3?*(g, [ra q ]) = [<&*(g,ra q )] = [r$* (g, a q )] = [$*(#, a,j)], the definition is correct. 
Note also that <!>* covers 4>, that is, kqo$, = $okq. This immediately proves that 
freeness (respectively properness) of the G action on Q implies freeness (respectively 
properness) of the action <E>* on S*Q. Clearly (&*g)*0 a is a multiple of d a and the 
proof is complete. □ 
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Lemma 3.2. The action $, :Gx S*Q — > S , *Q is 6j/ contactomorphisms and the 
scale factors are all positive. 



Proof. By direct computation and using ( |2.2| ) in the last equality, we have: 
*: B 8*{[o q \)(v lat] )=6 a ($* 9 (M)) (t K] $*> m )) 

= ((a o &*)([<*,])) (r K] (a o $«.,)(«[„,])) 

= ( cro **s)(K]) ( T K] (^Q ° ° («[««,])) 
= / ff ($* s (aq))$* ff (a g ) (r [Qq ](7TQ offo$ t9 )(t) W )j 
= / ff (^ 5 (a,))a 9 (t [q?] ($- 1 o tt q o cr o S^O^j) 
= fa{^* g {a q ))a q (T [aq] (TT Q oa)(v [(Xg] )) 
= U($* g (a q ))e(a q ) (T [aq] (a)(v [aq] )) 
_ f*($* g (a q )) 



U(a q ) 



r([<Xq])(V[ a .])- 



□ 



To construct a momentum map associated to this action, we need to work with 
a strong action, that is, we need it to preserve not only the contact structure, but 
the contact form. This can be achieved by adapting Palais' argument (or, if G is 



compact, by averaging). Indeed, owing to Lemma 3T, we may apply Proposition 2.8 
in H asserting that for a proper action by contactomorphisms, there always exist 
an invariant contact form. (The proof of this is a straightforward modification of 
the classical proof of Palais for the existence of invariant Riemannian metrics on 
paracompact manifolds endowed with a proper Lie group action.) As every contact 
form on the cosphere bundle is obtained via a global section as above, we shall 
chose once and for all a section a for which (<I>* 9 )*0 CT = 9 a . Relative to this contact 
form the induced action on the cosphere bundle is by strong contactomorphisms. 

The associated momentum map Jg a will be denoted for simplicity by J since in 
what follows no other contact form different from 6 a will be used. Let (S*Q)q = 
J _1 (0)/G be the reduced space corresponding to the regular value G g* . 

Similar considerations apply to the manifold Q/G proving that its cosphere bun- 
dle is a contact manifold. As above, the contact structure can be described as the 
kernel of a contact form of the type 9 S , where E : S*{Q/G) -> T*{Q/G) \ {0} is a 
global section and is the Liouville form of T*{Q/G). 

4. The main results 

We are now ready to prove: 

Theorem 4.1. Let G be a finite dimensional Lie group, acting freely and properly 
on a differ entiable manifold Q. Then (S*Q)o, the reduced space at the regular value 
zero of the cosphere bundle ofQ, is contact- diffeomorphic with the cosphere bundle 
S*(Q/G). 

Remark 4.1. Suppose (AT, rj) is a contact manifold on which a Lie group G acts 
by strong contactomorphisms. The action can be naturally lifted to the symplec- 
tic cone (C(N), d(tr])) by letting G act trivially on R + ; one obtains an action by 
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symplectomorphisms. It is well known that, in this situation, the reduced sym- 
plectic space at is the symplectic cone over the contact reduced space at 0: 
C(iVo) = (C(N)) . This can be applied to N = S*Q and combined with the 
cotangent bundle reduction theorem it should lead to a "diagram chasing" proof of 
the theorem. However, we prefer to make the maps involved in the proof precise. 

Proof. A first key observation is that the actions of G and R + on T*Q \ {0} com- 
mute, so that there exists the diffeomorphism: 

(4.1) A : {S*Q)/G = (T*Q \ {0}/K+)/G -> (T*Q \ {0}/G)/R+. 

Second, applying the cotangent bundle reduction theorem to T*Q, we have the 
symplectic diffeomorphism (see [|l], p], or ||) 

(4.2) ipo: J- t \Q)/G^T*{Q/G), given by <p (a q ) (T q 7r G (v q )) a q (v q ), 

where v q £ T q Q, a q £ J~ t l {0)C\T*Q, a q £ J c ^ 1 (0)/G is its class in the reduced space 
at zero, and ttq ■ Q — > Q/G is the projection. Denote by po : J^ 1 (0) — > J~ t {Q)/G 
the canonical projection, that is, po(a q ) — a q for all a q £ J^j. (0). 

We want to relate the zero level sets of the contact momentum map J and of the 
symplectic momentum map J c t- The definition of the (contact) momentum map 
J, the 7r relatedness of £t*q and £s*q, formula ( |2.2| ), the definition of the Liouville 
form on T*Q, and finally the 7tq relatedness of £t*q and £q yield for any £ € g 

<J(K]),0 = ^(KIHMKD) 

= ^ CT (7r(o! 9 )) (T ag n(t T *Q(atq)) 
= (7T*e a )(a q )(i T , Q (a q )) 
= fa{a q )0{a q ) (£ T *Q(a 9 )) 
= fa(a q )a q (T aq ir Q (£ T , Q (a q ))) 
= U(a q )a q (£ Q (q)) , 

that is, 

(4.3) J([a q }) = U(a q )a q . 
Since f„ > 0, this implies that 

J-\0) = {[a q ] | a q (Z Q (q)) = 0, for all £ £ }. 

However, {J ct (a q ),l;) — a q (^Q(q)) for any £ <E 9, which shows that J _1 (0) C 

7r(J ( ^ 1 (0)). The converse inclusion being obvious, we conclude that J~ 1 (0) = 
7r(J ( ^ 1 (0)) and hence 

(4.4) (S*Q) := J- 1 (0)/G = (^(0) \ {0}/M+)/G. 
Denote by 

(4.5) A : (S*Q) - (J^ x (0) \ {0}/G)/M+ 



the diffeomorphism obtained by restricting the diffeomorphism A defined in (4.1) 
to (S*Q)o and denote by Q a the reduced contact form on (S*Q)o. 

The definition of the diffeomorphism ip : J~ t x (0)/G -> T*(Q/G) defined in (|J) 
shows that g 6 J ( ^ 1 (0)/G is mapped to the zero element of T* G ,JQ/G) and 
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that tpo commutes with the R + -actions on J ct 1 (0)/G and on T*(Q/G) respectively. 
Thus ipo induces a smooth map 

(4.6) fa : (J^O) \ {0}/G)/R + (T*(Q/G) \ 0)/R+ = S*(Q/G) 
given by 

(4-7) MS,]) := MS g )], 

where [S g ] € (J ( ^ 1 (0)/G)/R + denotes the class of S g G J ct 1 (0)/G. The same rea- 
soning applied to tp^ 1 shows that it induces a smooth map S*(Q/G) — > (J ( ^ 1 (0) \ 
{0}/G)/R + which is easily verified to be the inverse of ^o, that is, ^ is a diffco- 
morphism. 

The theorem will be proved if it is shown that (p o A : (S*Q)o — > S*(Q/G) 
is a contactomorphism. Let E : S*(Q/G) — ► T*(Q/G) \ {0} be a global section 
and let 6s := £*0 be the contact form on S*(Q/G) associated to this section, 
where is the Liouville form on T*(Q/G). From the discussion in Section 2, we 
know that 9s is one of the possible contact forms underlying the contact structure 
of the cosphere bundle S*(Q/G). Thus, to show that £> o A is a contactomor- 
phism, it will be enough to verify that (^o ° A)*Os is proportional to 8 a , the 
proportionality factor being a strictly positive function on (S*Q)o. To this end, let 
7T : J _1 (°) -> J- 1 (0)/G = {S*Q) , l : ^ _1 (0) ^ S*Q be the canonical projection 
and the canonical inclusion, respectively. From the contact reduction theorem at 
zero (reviewed in the Introduction), we know that 6 a is characterized by the rela- 
tion ttqOo- = t()6 a . Thus, it suffices to show that (ipo A o 7r )*6s is proportional to 
LQ9 a with a strictly positive function on J _1 (0) as proportionality factor. 

The commutative diagram below is needed in the proof that follows. All vertical 
arrows are projections. The maps in this diagram have all been defined with the 
exception of II : T*(Q/G)\{0} — > S*(Q/G) which is the cosphere bundle projection 
associated to the manifold Q/G and tt : (J ct 1 (0)\{0})/G ((J ct 1 (0)\{0})/G)/M+ 
which is associates to each point in (J ct 1 (0) \ {0})/G its R + -orbit. 



j-i(0). ZL_ t*Q D J ct 1 (0) \ {0} 



ct 

Po 



Q 



(^ 1 (0)\{0})/G 



T*(Q/G)\{0} Q/G 



(S*Q)o 



[(JctHO) \ {0})/G] /K+ 5' (Q/G) 



We begin with the computation of {(po ° A o ttq o 7r)*Gs- From the commutative 
diagram we have 

tfO ° A O 7TQ O 7T = II O lfi O po and 7Tq / G O (^o O p a = TTG O 7Tq 
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so that using ( |2.2[ ) with base manifold Q/G, the definition (4.2) of (po, and the 
global formula of the Liouville form on T*(Q/G), we get for any a q £ (0) \ {0} 
andany W GT Q9 (J ct 1 (0)\{0}) 

((^o o A o 7T o 7r)*9 s ) [ctq)(v) = ((II o ip Q op )*6 s ) (a q )(v) 

= ((ipo o Po )*(n*e E )) (a q )(v) = ((^o o Po )*(/ s e)) (<*,)(«) 

= (/s o '/'oOPoJK) (^°Po)K) (Tq, {^Q/G ° <f0 °Po)(v)) 

= (h ¥>o °Po)(a 9 ) Oo °Po)(a 9 ) (^(ttg o tt q )(w)) 
(4-8) = (/s o (/) op )(a,)a, (T Qg 7r Q (u)) . 

On the other hand, since Lq : J _1 (0) S , *Q is the inclusion, from (2.2) and the 
definition of the Liouville form on T*Q, we get 

(4.9) ((^ o ;r)*0 a ) (a,)(») = (a,)(») - U(a g )a q {T aq ir Q (v)) . 

The two identities (L8) and (4.9) show that on J c ^ 1 (0) \ {0} we have the equality 



(4.10) 



n*(ipo o A o 7r )*6 E = 



fs Q Q Po 
U 



Formula (2.1) shows that the strictly positive proportionality factor in (4.10) drops 
to a strictly positive function F on the quotient J _1 (0). Since ir is a surjective 
submersion, ( 4.10 ) implies that (0o o Ao7To)*0£ = F LqO^ where the function F > 0, 
which is the desired identity. □ 

The first two examples below use parallelizable manifolds Q. Note that for an 
n-dimensional parallelizable manifold Q, the cosphere bundle is S*Q = Q x S"^ 1 . 

Example 4.1. Let Q = T" and G — S 1 acting by multiplication on the first factor 
of the torus and trivially on the other ones. Then Q/G = T"^ 1 and S*(T n ) = 
T" x 5 n_1 . Hence, by Theorem 4.1, we find that (T™ x S n ~ 1 ) is contactomorphic 
with T"- 1 x S n - 2 . 



Example 4.2. Let Q = R™ and G — Z™ acting by translations on each factor. 
Then Q/G = T™, S*{Q/G) = T™ x S"" 1 , S* (R n ) =M" x S n ~ 1 , hence we obtain 
the contactomorphism (R™ x S"" 1 ^ = T™ x S™" 1 . 

Example 4.3. Let Q = 5 3 and G — S 1 acting by multiplication (of unitary quater- 
nions by unit complex numbers). Then Q/G = S 2 , the base of the Hopf fibration. It 
is well known (see, e.g. @], Exercise 1.2-4) that S*(S 2 ) is diffeomorphic with 50(3). 
On the other hand, S*(S 3 ) — S 2 x S 3 . We thus obtain the contact diffeomorphism 
(S 2 x S 3 ) Q = 50(3). 

If we want to carry out the cosphere bundle reduction at a point /i ^ 0, we have 
a priori two choices: to use Albert's or Willett's reduction methods. 

Regarding Albert's reduction method (see its description in the Introduction), 
nothing will guarantee that the action of the universal cover G M on S*Q is induced 
by an action on Q. Example II in describes precisely such a situation. It refers 
(without naming it explicitly) to the cosphere bundle S*T n of the n-dimensional 
torus T n . The group is G = T n which acts trivially on itself. For a non-zero regular 
value /i of norm 1, Albert applies his construction with G M = R™ and obtains the 
standard circle S 1 as the reduced space. But the action of R™ on S*T n does not 
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come from an action of R™ on T n \ Thus, Albert's method cannot be used to do 
contact reduction of the cosphere bundle at a non zero value of the momentum 
map. 

However, Willett's method can be applied, as we shall show below. Contact 
reduction at a non zero value of the momentum map will embed in a certain co- 
sphere bundle. The precise statement is the following. Recall that denotes the 
connected normal Lie subgroup of G M whose Lie algebra is the ideal 6 M := ker(/i| fl( J 
in g M . 

Theorem 4.2. Let Q be a differentiable manifold of real dimension n, G a finite 
dimensional Lie subgroup o/Diff(Q) and <f> : G x Q — > Q a smooth action of G on 
Q. Assume that acts freely and properly on J _1 (R + /j,) and that ker /i 4- g M = g. 
Then the contact reduction 

(S*Q)„ = J- X (R+M)/^ 
is embedded by a map preserving the contact structures onto a subbundle of S* (Q / K^). 

Proof. Consider the cosphere bundle S*Q endowed with the contact form 9 a pre- 
served by the G-action. Willett §3 proves that J is transversal to R + /z if and 
only if the -ft^-action on J _1 (R + /i) is locally free. Our hypothesis is that this 
action is in fact free, so the transversality hypothesis in Willett's reduction theo- 
rem is satisfied. Together with the other two stated hypotheses, these are precisely 
the assumptions of Willett's reduction theorem reviewed in the Introduction. Thus 
(S*Q)u = J^ 1 (M. + ^j,)/K fl is an exact contact manifold whose contact form, denoted 
by #er,/j, is characterized by the identity i*6 a — n*6 a ^, where t M : J _1 (R + /i) <—* 
S*Q is the inclusion and 7r M : J -1 (R + /i) — » J _1 (R +j u)/if A4 = (S*Q) fl is the canon- 
ical projection. 

As in the proof of Theorem 4.1, J~ 1 (R + /i) — tt( J c ^ 1 (R +y u)) and, consequently, 
(S*Q) M := J-^R+m)/^ = (^(R+M) \ {0}/R+)/iT M . 

Since the actions of (by cotangent lift) and R + (by dilation in each fiber) on 
J ( ^ 1 (R + /i) commute, there is a diffeomorphism 

K ■■ (s*Q)» - (JctH^+ri \ {0}/^)/R+ 

characterized by the property 

A O 7T,, 



where 



and 



(J^QL+fj) \ {<)})/#„ - [(J^QL+n) \ {0})/^]/R 4 



: J-^R+fi) \ {0} c T*Q \ {0} - (J^R+m) \ {0})/K M 

are the canonical projections. If a q £ J c ^ 1 (]R + /x) \ {0} C T*Q, denote by a q 
p M (a g ) its class in (J^ 1 (M + /x) \ {0})/^. 
Define the map 

% : (J C 1 X (R+M) \ {0})/^ - T*(Q/K^) \ {0} 

by 

(4- 11 ) Vv( 3 8)( T g 7I X.K)) = " g (» g ), 
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Q I is the canonical projection. To show that tp^ is well defined, 
T *>~,q)®g- ia i with l' = ®(9,<l), v q > = T* (Si g)$ 9 (ug + 



where ttk : Q 
observe that for all a q > 
£q(<z))j an d £ G i/j, identity (4.3) implies that 



OVK') = T i( g , q ) ( $ r ia 5- T *(9,!) $ s( B ? + ^(9)) 
= " 9 K +^ Q (q)) = a q (v q ) + a q (£ Q (q)) 

= a gK) + 7^J< J (K])>0 
= + j^j{»,0 = a q {v q ) 

since ^ e t^. This shows that ^ M is well defined. It is routine to check that i/jf, is 
smooth. In addition, ip^ is equivariant relative to the R+ -actions on J c ^ 1 (K. + /i) \ 
{Q}/Kfj, and T* (Q / K ^) \ {0} respectively and thus it induces a smooth map on the 
quotients 



^:[(J c ^R +M )\{0})/i^]/3 



given by 



where [a g ] := 7r M (a g ), for 7r M 
is the canonical projection. 



_Ai)\{0})/^ - [(J^M+aOUO})/^ 



Next we show that ?/> M is injective. If = Vv([/^])> then there exists 



r e R+ with ipv(a q ) = r^ M (/3 g ), so using ( |4.1l| ), a 9 (w g ) = r/3 q {v q ) for every w g e 
T g Q. This means that S ? = r/3 q since the and R + actions commute, that is, 
[a q ] = [f3q] showing that -0 M is injective. 

We need to show that ^ o : (S*Q) fi — > S*(Q/K fJi ) preserves the contact 
structures. Let £ : S*(Q/K li ) -> T*(Q/Kp) \ {0} be a global section and let 
0s := S*9 be the contact form on S*(Q/K fl ) associated to this section, where Q 
is the Liouville form on T* (Q / K^). The form 8s is one of the possible contact 
forms underlying the contact structure of the cosphere bundle S*(Q/K fl ). Thus, 
to show that ip^ o A^ preserves the contact structures, it will be enough to verify 
that (Vv 0/ V)*®£ ^ s proportional to a ^, the proportionality factor being a strictly 
positive function on (S*Q)^. Willett's contact reduction theorem at \i ^ states 
that is characterized by the relation TT*9 a .^ = i*^9 a . Thus, it suffices to show 
that o A M o 7r M )*(~>£ is proportional to b*^9 a with a strictly positive function on 
J _1 (R+/x) as proportionality factor. To carry this out, we shall need a commutative 
diagram analogous to the one considered in Theorem 4.1. 



As in the proof of Theorem 4.1, we begin with the computation of (tp^ o A p 



7r)*6s. Since 



ipn o A M o 71-^ o 7T = ILj o ip^ o p^ and n Q/K ^ o tp^ o p^ — ir K ^ o 7r Q , 



using ( |2.2| ) with base manifold Q/K^, the definition ( 4.11 ) of and the global 
formula of the Liouville form on T*(Q/K fJi ), we get for any a q £ J ( ^ 1 (R+/x) \ {0} 
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7TQ 







(J^^M+M) \ {0})/^ T*(Q/K,) \ {0} q/k 



*"1 



n 4 



(S'Q), - > [(j-i(o) \ {()})/#„] /R+ -5^ S*(Q/#m) 



and anyueT^^^M+^ViO}) 

f(Vv ° -V ° ^ ° 7r )*Qs) = ((n M o o p AI )*e s ) (a g )(«) 
= ((vv o PAl )*(n;e s )) (<*,)(«) = ((^ o PiU )*(/ s e)) (<*,)(«) 

= (fa ° 4>n ° P»)(Oiq) (^°Pm)K) (^(^ 07r g)( w )) 
(4-12) = (/s o Vo op M )(a g )a 9 (T aq ir Q (v)) . 

On the other hand, since i M : J _1 (IR+/i) <— > S , *Q is the inclusion, from (2.2) and 
the definition of the Liouville form on T*Q, we get 



(4.13) 



((tp o tt)*0 ct ) (a,)(u) = {f a 9)(a q )(v) = f a {a q ) a q (T aq Tr Q (v)) 



The two identities ( |4.12| ) and ( [4.13[ ) show that on J ct 1 (M + ^) \ {0} we have the 
equality 



(4.14) 



7T*(VV O A M O 7T M )*9 S = 



/<7 



Formula (2.1) shows that the strictly positive proportionality factor in (4.14) drops 
to a strictly positive function on the quotient J _1 (R+/x). Since ir is a surjective 
submersion, ( 4.14 ) implies that (ip^ o A M o 7r M )*0s = P^t*^ where the function 

F M > 0, which is the desired identity. This proves that ^ o A p preserves the 
respective contact structures. 

That ^ is an immersion can be proved as in the embedding version of the cotan- 
gent bundle reduction theorem (see Q, §4.3 or ||, p. 82). Indeed, we observe that 
fx' = fj,\* = 0, hence considering the action restricted to K^, the corresponding mo- 
mentum map J' is the restriction of J. We are thus in the conditions of our Theorem 
4.1 and obtain a contact-diffeomorphism between J' -1 (R + /i')/ Ku = J' 1 (0)/K tJ/ 
and S*{Q/K fjL ). Composing this with the natural inclusion of J~ 1 (M. + fi)/K ll in 
J'~ (M + Li')/K IJr) we arrive at the desired contact embedding. 

This ends the proof of the theorem. □ 



Example 4.4. We look again at Albert's example discussed above. We have Q = 
T", G = T™ acting naturally on itself. Take fi € (W 1 )* to be the projection 
on the last factor: fi(xi,... ,x n ) = x n . Then ker/i = IR" -1 , = T" _1 and 
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J- 1 (M + /.t) = TP. Hence {S*Q) fl = T™/T n_1 = S 1 and Q/K^ = S 1 . Our theorem 
yields S 1 <—* S*(S 1 ), the inclusion being the zero section in T*S X followed by the 
canonical projection. 

Example 4.5. We let Q = R 3 (" +1 ) and tp be the natural action of G = (M 3 , +) on 
Q by translations. The lifted action to the cotangent bundle is again by translations: 
(x, (qj, p 1 )) I— * (x+qi, p J ), i = 0, . . . ,n. The symplectic momentum map (the linear 
momentum, see e.g. (§]) has values in R 3 (which is identified with its dual (R 3 )* 
by the usual dot product) and is given by: 

n 

4(q«,p') = J2 p3 - 

Fix now v € R 3 \ {0} and define \i : R 3 -» R by ,u(£) = v • £ . Then we have: 

n 

J- t \R + ^ = {(q 4 ,p l ) | ]Tp 4 G R+v}. 

i=0 

As G is Abelian, we have fi M = ker/^ = v 1 - = R 2 . Hence = R 2 . Define the map 

f ; R3(n+1) R 3«+l by 

/(q , ...,q„) := (qi -q ,...,q„ - q n -i, q • v/||v|| 2 ). 

Clearly / is smooth, surjective, invariant under the i-T^-action, and /(qo, ■ ■ ■ , q n ) = 
/(q'oj • ■ ■ j q' n ) if and only if q' ; = q.; + x, for all i = 0, . . . , n, where x G v . In 
addition, the kernel of the derivative of / at every point equals the tangent space 
the i^-orbit. Hence / induces a diffeomeorphism Q/K^ = R 3 ( ,l+1 )/R 2 S R 3n+1 . 



We thus have 



On the other hand, 



S*{Q/K^) = 5*R 3n+1 = R 3n+1 x S 3n . 



J* 1 QL +fi )/K IA <*R» n + 1 x {(p ,... ,p") |]T P 4 GR + v} 
since the if^-action does not affect p°, . . . , p™. Applying Theorem 4.2 we have 



n 

5 3 "+ 2 n{(p°,...,p")|^p l GR + v} 



So Theorem 4.2 asserts the existence of a contact structure on the above manifold, 
induced from that of R 3n+1 x S 3n . Note that it is not obvious how to construct 
directly a contact structure on R 3n+1 x 5 3 ™+ 2 n | (p° , . . . , p") | J2"=o P* e R + v } • 

Remark 4.2. Observe that ip^ may no longer be surjective (as the corresponding 
map of the symplectic case). In fact, since ip^ maps fibers of J~ 1 (R. + fi)/K )1 in 
fibers of S*(Q/K^), if it were surjective it would be so on each fiber, but a simple 
count of dimensions proves this is impossible. On the other hand, conditions like 
G = or q — 0^, which ensure surjectivity in the symplectic case, here lead to 
/i = (because of the condition ker /i + = g). 
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Remark 4.3. There is a significant difference between the reduced spaces for \i ^ 
in the cotangent bundle reduction theorem and for the cosphere bundle. The 
symplectic quotient is symplectically embedded (only in the particular case of G 
Abelian or G = G^ one obtains a diffeomorphism) in T*(Q/G a ) endowed with a 
perturbed symplectic form (the canonical one minus a magnetic term), while the 
contact quotient is always contactly embedded in S*{Q/ K^) with a non perturbed 
contact form. Thus, in contact geometry, the cases fi ^ and \i = arc similar and 
the explanation is Willett's choice of the kernel group of \i instead of the coadjoint 
isotropy group of pt. Explicitly, it is the Lie algebra of this kernel group that assures 
the existence of a well-defined map preserving the contact structure exactly as in 
the \x = case. 

Remark 4.4. One may relax the assumptions on the action of G (and K^) by 
allowing fixed points and working in the category of orbifolds. 
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